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Two-Dimensional Dot Codes for 
Product Identification 

WIL J. VAN GILS, MEMBER, IEEE 

Abstract --In automated manufacturing the two-dimensional representa- 
tion of product identification numbers by means of square dot codes offers 
a number of advantages over the use of bar codes. In this paper a method 
is described for the encoding of product identification numbers into square 
matrices of round dots on a contrasting background. It consists of an 
optimal source coding scheme for the encoding of identification numbers 
into channel message words, and a channel coding scheme offering error- 
detection and error-correction for random bit errors (dot corruptions). For 
the channel coding scheme, a special class of error-correcting codes is 
introduced, called square- cyclic codes. It is shown how to transform 
quasi-cyclic and (shortened) cyclic codes into square-cyclic codes. 

1. INTR~DUCTI~N 

T HE WIDESPREAD USE of bar codes in automated 
manufacturing clearly shows the need for an auto- 

matically readable product identification code. A bar code 
is built up from a number of parallel bars. The relative 
widths and mutual distances of these bars determine the 
meaning of the bar code. 

We believe, however, that dot codes provide a better 
alternative to bar codes in this area of technology. A dot 
code consists of a square matrix of round dots on a 
contrasting background. The meaning of the dot code is 
determined by the absence or presence of dots. In a dot 
code the information is recorded in two dimensions, 
whereas in a bar code only one direction is used to encode 
information. This difference enables the dot code to offer 
higher information density, thereby allowing smaller prod- 
uct identification areas (see Fig. 1). For example, at the 
flat top of an electric motor shaft there is not enough room 
for a bar code. Furthermore, in automated manufacturing 
it is easy to write the dot codes onto the mechanical parts 
by an engraving process. With bar codes this would be 
more complicated. The dot codes can be read by a stan- 
dard TV camera and can be recognized by a relatively 
inexpensive picture processing system. 

Therefore, we shall introduce a method for the transmis- 
sion of numbers from one point to another point by means 
of square matrices of round dots. These square dot matrices 
can be translated into square binary matrices by repre- 
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Fig. 1. Comparison of 7 X7 dot code and standard “code 10” bar code 
with same information capacity. Diameter of dots has been chosen 
equal to linewidth of wide black bars in bar code. Both codes have 
been printed with dot-addressable matrix printer. 

senting the presence of a dot by a one (1) and the absence 
of a dot by a zero (0). In a practical situation it was 
observed that only random dot corruptions (causing ran- 
dom bit errors) occurred in the dot squares. These errors 
were due to printing imperfections, dust particles, and 
reading failures. Furthermore, because of the possibly ran- 
dom rotation of the mechanical parts during the manufac- 
turing process, recognition of the dot matrices should be 
possible irrespective of the orientation of the matrices. For 
example, one should again think of a square dot matrix on 
the flat top of a rotated shaft of an electric motor, without 
any synchronization indication outside the dot matrix. 

In this paper we give a possible solution to this trans- 
mission problem. To this end, we distinguish the following 
steps in the transmission process. 

1) 

2) 

3) 

4) 

Source Encoding: The encoding of the source mes- 
sage set (the integers i, 0 5 i I M - 1) into the chan- 
nel message set (a subset of the set of all binary 
vectors of length k). 
Channel Encoding: The encoding of channel mes- 
sage words into codewords (square binary matrices) 
of a binary linear [n, k] code such that random bit 
errors can be corrected and detected, and such that 
rotation of a codeword does not cause a decoding 
error. 
Transmission: The actual transmission of the dot 
matrix through the noisy channel. During transmis- 
sion dot matrices can also be rotated over 90, 180, 
and 270 degrees. 
Channel Decoding: The decoding of a rotated cor- 
rupted codeword into an estimate of the transmitted 
rotated channel message word. 
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5) Source Decoding: The decoding of the estimate of 
the rotated channel message word into an  estimate 
of the source message. 

This scheme is illustrated in F ig. 2. 
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Fig. 2. Transmission scheme of square binary matrices. 

W e  shall start by considering the structure the error-cor- 
recting code should have. This will result in the definition 
of the class of so-called square-cyclic codes. In Section III 
we describe two source coding schemes that nicely fit the 
concept of square-cyclic codes. One  is the optimal one  in 
the sense that it uses the m inimum number  of bits to 
encode a  source message into a  chamrel message word. The  
other scheme is not optimal, but gives rise to a  very simple 
and fast encoding/decoding algorithm. 

In general  it is not possible to transform a  square-cyclic 
generator matrix into a  systematic square-cyclic generator 
matrix. However, it is possible to transform it into a  
canonical square-cyclic generator matrix that makes trans- 
formation of a  codeword into its corresponding channel 
message word relatively easy. This canonical square-cyclic 
generator matrix is described in Section IV. In Section V 
we give the construction of square-cyclic codes from well- 
known quasi-cyclic and  (shortened) cyclic codes, respec- 
tively. In fact, a  square-cyclic code is a  quasi-cyclic or an  
extended quasi-cyclic code itself. In this paper  no  new 
error-correcting codes are introduced, but a  number  of 
well-known, well-structured codes are transformed such 
that they can be  used in our particular application. 

II. DEFINITION OF SQUARE-CYCLIC CODES 

If we use an  arbitrary t-error-correcting code on  our 
channel, then the decoder has to deal with the corruption 
as well as with the rotation of the transmitted codeword. 
One  possibility for the decoder is to apply the decoding 
algorithm to all four rotations of the received word and 
check which one gives a  codeword. In this case it is very 
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possible that among the four estimates of a  received word 
with at most t errors in it there is more than one code- 
word. Furthermore, in this approach the decoding al- 
gorithm is applied four times for each received word. 
Hence, it seems useful to choose a  linear error-correcting 
code, whose codewords have the form of square binary 
matrices, such that rotations over 90, 180, and  270 degrees 
of any codeword again give codewords in the code. In that 
case we can first correct the errors in the corrupted and 
rotated codeword, and  afterwards we can deal with the 
rotation. 

This approach implies that a  codeword together with its 
rotations over 90, 180, and  270 degrees should represent 
the same channel message word. Hence, the number  of 
channel message words is less than or equal to the number  
of equivalence classes of the relation defined by the rota- 
tion of codewords in the above-ment ioned code. W e  will 
come back to this source coding problem in Section III. 

W e  next define the class of codes, called square-cyclic 
codes, having the property that a  rotation of any codeword 
of such a  code is again a  codeword of that code. 

Definition 1: A binary linear [n, k] code C is called 
square-cyclic if it is possible to transform the codewords of 
C into square ti X m  matrices for some m, m2 2 n, allow- 
ing empty positions, such that the rotations of any code- 
word in square matrix form over 90, 180, and  270 degrees 
again give codewords of the code C in square matrix form. 

Example: Consider the [48, 241  binary linear code C 
with generator matrix 

1  

1000OOA B CDEF 
0 I 0  0 0 0 PF A B CDE 
0 0 I 0  0 0 PE PF A B C D 
0 0 0 I 0  0 PD PE PF A B C 
0 0 0 0 I 0  PC PD PE PF A B 
0 0 0 0 0 I PB PC PD PE PF A- 

where all submatrices are 4x4 matrices, I is the identity 
matrix, 0  is the all-zero matrix, and  A, B, C, D, E, F, P are 
4  x4 circulant matrices with first rows (loll), (1101) 
(0101) (lllo), (OlOO), (loll), (OlOO), respectively. The  24  
information bits of a  codeword c are m,, m,, . . . , m23, 
the 24  parity bits are pO, pl;. ., ~23, and c = 
(m,, ml,. . . , m23, p,,, pl,. . . , ~23). These 48  bits are put 
into a  7  x 7 square according to the scheme shown in F ig. 
3. The  m iddle point is not used in this case. From F ig. 3  
we see that the information bits are put at the border of 
the square, and  the check bits are put in the inner 5  X 5  
square. O f course, other distributions are also possible. 

m0 m23 ml9 ml5 ml1 m  l m  3 

m4 PO Pl5 P11 P 7 P 3 m22 

m8 P4 P16 P23 P19 P14 m18 

m12 i?8 P20 P22 PlO m14 

ml6 Pl2 P17 P21 PlS P6 ml0 

m20 Pl P5 P9 Pl3 P2 m6 

ml m5 m9. ml3 m17 m21 m2 

Fig. 3. Distribution of message bits and check bits in square matrix for 
[48, 241 code. 
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The code has minimum Hamming distance 12. Its con- 
struction will be given in Section V together with an 
elegant decoding algorithm. From the special structure of 
the generator matrix and the mapping of the code bits into 
7 x 7 square matrices according to the scheme in Fig. 3, it 
is easy to see that the rotations of a codeword in C (in 
square matrix form) over 90,180, and 270 degrees also give 
codewords in C. For an example, see Fig. 4. 

1010011 1111100 

1000101 1001011 
1001101 0111110 
111 111 001 111 
1111101 1001100 

0101110 0001111 
0101010 1111100 

Fig. 4. Codeword in [48,24] code and its rotation over 90 degrees. 

From Definition 1 it is immediately clear that the length 
n of a square-cyclic code should be a multiple of four 
(n = 4s) or a multiple of four plus one (n = 4s + 1) if the 
middle position of the square is also used (that is only 
possible if m and n are odd). Without loss of generality we 
order the bits in codewords of a square-cyclic code such 
that positions that are mapped onto each other by rota- 
tions of the square matrices are grouped together into 
four-tuples. In other words, if the code bits co, ci, . . +, c,- i 
of a codeword (c~,c~;..,c~-~) are put in an m X m 
square matrix, where m is the smallest integer such that 
n 4 m2 and m is odd if n is odd, then if code bit c4f is put 
in position (i, j), the code bits c4!+i, c~~+~, and Cam+ 3 are 
put in positions (m + 1 - j, i), (m + 1 - i, m + 1 - j), and 
( j, m + 1 - i), respectively. Note that positions in an m X m 
square matrix are numbered by the pairs (i, j), where 
i, j=l,2;**, m. Furthermore, if m and n are both odd, 
the last code bit c,-i is put in the middle of the square 
matrix, i.e., in position ((m + 1)/2, (m + 1)/2). The four 
rotations of a codeword (in square matrix form) of a 
square-cyclic [n, k] code give 4, 2, or 1 different code- 
words. For i = 1, 2, and 4, define C(i) to be the set of 
codewords c of C whose four rotations give at most i 
mutually different codewords. It is easy to see that the 
C(i), i =l, 2, 4, are linear subspaces of the code C. In 
particular C(4) is equal to C. Let p, q, and r be (the 
unique) nonnegative integers such that the following equa- 
tions hold: 

k=dimC(4)=4p+2q+r 

dimC(2) = 2p + 2q + r 

dimC(l)= p+q+r 

where dimC(i) denotes the dimension of C(i). Hence the 
square-cyclic [n, k] code C of length n and dimension k 

has a generator matrix of the form 

G= 

A 11 A,, . . . . . . . . . A,, 
A,, A,, ... .a. ... A,, 

Ai1 Ai . . . . . . . . . Ais 

B,, B,, ... .a. 0.. B,, 

ir2 . . . . . . . . . c, 

if n is even, and the same matrix as above wi 
column 

an extra 

added to it, if n is odd. The matrices A,,, A,,; * *, Al,, 
A 21,’ * *t A are 4 x 4 circulant matrices, Bll, 
B 12,’ . -9 Bls:k. . . , B,, are 2 X 4 circulant matrices, 
C 117’ . .> Cls, cm* * *9 C,, are 1 X 4 circulant matrices, 
d 
a& 

. . . , d are 4 x 1 all-zero or all-one row vectors, e,, * * . , e4 
2 x lPall-zero or all-one row vectors, and fi,. . *, f, are 

1 x 1 all-zero or all-one row vectors. Here a u X u matrix is 
called circulant if, for all i = 1,2,. . . , u - 1, row (i + 1) is 
the cyclic shift of one position to the right of row i, and 
row 1 is the cyclic shift of one position to the right of row 
U. By this definition a 3 X 4 binary circulant matrix consists 
of twelve zeros or twelve ones; that is, it is a repetition of 
three 1 X 4 binary circulant matrices. If u is smaller (larger) 
then u, a u X u circulant matrix is a repetition of u X u 
(U X u) circulant matrices. 

Of course, parity-check matrices of square-cyclic codes 
also have an identical form. Generator and parity-check 
matrices of this form are called square-cyclic generator and 
parity-check matrices, respectively. The most interesting 
square-cyclic codes are the ones that fill a square matrix 
completely (n = m2) or nearly completely if m is odd 
(n=m2- 1). It should be noted that in certain applica- 
tions, some positions in a dot matrix, for example the 
corner dots, need to be reserved for other purposes. 

III. SOURCEENCODINGANDDECODING 

Because we use a square-cyclic code on our channel, and 
because codewords can be rotated during transmission, it 
is not possible to attach different source messages to the 
four rotations of a particular codeword. A codeword and 
its rotations should all represent the same source message. 

To a rotation of a codeword in a code with a generator 
matrix like the ones in Section II there corresponds a 
“rotation” of the k-bit information vector associated with 
it. Let a k-bit (k = 4p + 24 + r) information vector m be 
denoted by 
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where the vectors ui (i = 1; . . , p) are row vectors of 
length four, the vectors ui (i = 1,. . . , q) are row vectors of 
length two, and  the vectors wi (i = 1,. . . , r) are row vectors 
oflength one. The  partitioning of the message m  depends 
on  the parameters p, q, and r, which are parameters 
determined by the channel code (Section II). By the rota- 
tion R’(m) of m  over i positions is meant  the cyclic shifts 
of the individual components ui,. . . , up, oi,. . . , Us, 
W l,’ * .9 w, over i positions to the right simultaneously. So 
the rotation over one  position of m  = (1000,0011,10, 
OO,ll,O ,l,O)is R(m)=(0100,1001,01,00,11,0,1,0). 

W e  define the relation - on  the set F2k of k-bit binary 
vectors by 

m l-m2. * ~(Ri(m1)=m2,fori=0,1,2,0r3). 

This relation is an  equivalence relation. Its equivalence 
classes contain one, two, or four elements. As we have seen 
above, the maximum size of the set of source messages 
equals the number  of equivalence classes of the relation - 
in F2k. In the source encoder we add to any source message 
a  representative of an  equivalence class. This set of repre- 
sentatives is called the channel message set. In the channel 
encoder these channel message words are mapped  onto 
codewords of the error-correcting code. Because the set of 
channel message words has less than 2k elements, the set of 
possible channel encoder outputs is not the entire code 
space, but only a  part of it. However, due  to the rotations 
during transmission, any codeword can appear  as input of 
the channel decoder.  

A k-bit vector (ui, . * . , up, ni, * * *, Us, w,, . . . , w,) is said 
to have period i whenever it is contained in an  equivalence 
class having i elements. The  set F: contains 2P+q+’ ele- 
ments of period one, 2  2p+2q+r elements of period at most 
two, and  24P+24i’ 1  e  ements of period at most four. So, it 
contains 22p+2q+r - 2*+‘J+r elements of period two and 
24p+2q+r - 22p+2q+r elements of period four. Hence, the 
number  of equivalence classes equals 

W p ,q,r):=P 4*+2q+r_22p+2q+r$ 

+(2 
2p+Zq+r-2p+q+r)/2+2p+q+r 

=  24p+2q+r-2 +22p+2q+r-2 +2p+q+r-1 

Next we build a  channel message set by choosing 
M( p, q, r) representatives of the equivalence classes. 
Therefore we define the following sets: 

P = { Qooo), (UOO), (1110)) 
Q  = { (0000), (1111)) 
s = { (1010)) 

T= {(lOOO),(OlOO),(llOO),(OllO),(lllO),(Olll)} 
u= {(1010),(0101),(0000),(1111)} 

v= ww 
w= {(d0),(11)}. 

It is easy to see that we can take representatives whose 
first components ui are in the set P U Q U S. Therefore, 

our first rule requires all representatives to have a  first 
component  ui in the set P U Q U S. If ui is in P this rule 
determines a  unique representative for the corresponding 
equivalence class. If ui is in Q  U S we could have more 
than one candidate. Additional rules are necessary to 
determine a  unique representative. 

In an  equivalence class containing elements with first 
component  ui in Q , at least one  element has a  second 
component  u2  in P U Q U S. In this case (ui in Q) our 
second rule is the same as the first one, but now for the 
second component  u2; i.e., u2  should be  in P U Q U S. 

In an  equivalence class that contains an  element with 
first component  ui in S, at least one  element has a  second 
component  u2  in T U U. In this case (ui in S) our second 
rule requires a  representative to have a  second component  
u2  in T U U. If u2  is in T this rule determines a  unique 
representative. If u2  is in U our third rule requires that the 
third component  us of a  representative is again in T U U 
(of course only if p 2 3). 

The above process and a  similar process for the compo- 
nents 9  (j=l;*., q) is repeated until a  unique repre- 
sentative is found for all equivalence classes. Formally the 
process is described by the following rules. 

The  set F of representatives is recursively defined by 

F= U Fh) > forp>O, 
U~EPUQUS 

F= U H(v,), forp=O,q>O, 
V,EVUW 

F= F;, forp=O,q=O,r>O. 

For l<i<p 

F(ul;.y;) = {(u~,...,u~,x)JxEF;~(~-~)+~~+~}, 

for ui E P 

f’(ul,...,ui)= U F(ul,.*.,ui>ui+l), 
u,+,EPuQuS 

for ui E Q  

F(ul,yui) = U G(ul,. . ‘1 ui, ui+l), 
u,+~ETuU 

for ui E S 

G(u,; - . ,u;) = {(u~,-,u~,x)~xE F;l(p-i)+2q+r}, 

for ui E T 

G(u,; . ., ui) = U G(ul,.*.,ui,ui+l), 
u,+,~TufJ 

for ui E U 

F(ul;..,up) = 

G(zq,-,~~) = u f+,,-,A), for q > 0 
U,EVUW 

F(ul;..,up) = 

G(u,; . . ,u,)= {(u~,...,u~,z)IzEF;}, forq=O. 
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For l<j<q 

H(u1,“‘,Up,2)1,...,2)1) 

= {(U1,...,up,U1,...,VJ,y)~yE~~(q-~)+’}, 
for aj E v. 

H(U1,...,Up,~l,...,~q) 

= {(U1,“‘,Ug,2)1,‘~~,Z)q,Z)IZEF;}. 

From this definition of the channel message set it is easy 
to derive algorithms for the encoding of source messages 
into channel message words and for the decoding of chan- 
nel message words into source messages. The encoding and 
decoding algorithms are shown in Figs. 5 and 6, respec; 
tively. In these algorithms the following definitions are 
used. 

Definition 2: 

/4(x, y, z) := 24x+2y+s 

c(~, y, z) := ~4x+2y+r-1+22x+2y+r-1 

M( x, y, 2) := 2 4x+2y+z-2 +22n+2y+r-2 +2x+y+r-1 

B( y, 2) := 22y+r. 

For a binary vector y = (yO, y,; . ., ytP1), bin(y) is de- 
fined by 

t-1 

bin(y) = c ~~2’-l-~. 
i=O 

For natural numbers s and t such that s < 2’, invbin,(s) is 
defined by 

where 
invbh,(s) = (Y,, Y,; * 0) ytwl> 

t-l 

i=O 

For a binary vector x = (x0, x1, x2, xj) of length four, the 
function f(x) is defined as the minimum number of 
positions x has to be shifted cyclically- to the left such that 
it matches one of the elements of P U Q U S, and the 
function g(x) as the minimum number of even positions x 
has to be shifted cyclically to the left such that it matches 
one of the elements of T U U. For a binary vector z = 
(z,,, zl) of length two, the function h(z) is defined as the 
minimum number of positions z has to be shifted cycli- 
cally to the left such that it matches one of the elements of 
P’ U W. The vector xc’) is defined as the result of cyclically 
shifting x s positions to the left. 

Note that the numbers A(*), C(a), M(e), and B(e) 
correspond to the sizes of the sets F(e), G(e), and H(s) 
defined above. The input to the encoding algorithm is a 
source message m, 0 I m I M(p, q, r)- 1, and the out- 

put is a tieI message word (u~,...,u~,~~,.. .,v,, 
WI,‘. -3 w,). The input to the source decoding algorithm is a 
rotation of the channel message word, and the output is 
the corresponding source message. 

We call the encoding and decoding schemes described 
above optimal because they use the largest channel mes- 
sage set possible. In this scheme the encoding of source 
messagescosts4p+2q+r-log,M(p,q,r)<2bits. 

Example: In the [48, 241 square-cyclic code defined 
above, p=6, q=r=O. So M(p,q,r)=M(6,0,0)= 
222 + 21° + 25 = 4 195 360. For example, the source mes- 
sage 1 375 211 corresponds to the channel message 
(1100,0100,1111,0100,0001, loll), and the source mes- 
sage 3 374 855 corresponds to the channel message 
(0000,1111,1010,0101,0100,0111). 

Example: Consider a channel code with dimension k = 
24 and suppose the corresponding 3-tuple (p, q, r) of this 
code equals (4,3,2). So M(p, q, r) = M(4,3,2) = 4 210 944. 
For example, the source message 1375 211 corresponds to 
the channel message (1100,0100,1111,1011,11,10,10,1, l), 
and the source message 3 376 658 corresponds to the chan- 
nel message (OOOO,llll, 1010,0101,11,00,10,1,0). 

If the number M of source messages is at most 2k-3, or 
the encoding/decoding algorithins described above take 
too much time, then a simpler source coding scheme can 
be used. This encoding scheme adds at most three bits to a 
source message to build a channel message word. The 
encoding and decoding are described below. 

2) p > 0: Encoding-Set the first three bits of u1 equal 
to l,O, 0 and use the remaining 4p + 2q + r - 3 bits of the 
channel message word for the 4p + 2q + r - 3 source mes- 
sage bits. 

Decoding-Rotate the channel message word until the 
first three positions of the channel message word are equal 
to 1, 0,O. The remaining bits are a binary representation of 
the source message. 

2) p = 0 and q z 0: Encoding-Set u1 equal to (10) and 
use the remaining 2q + r - 2 bits of the channel message 
word for the 2q + r - 2 source message bits. 

Decoding-Rotate the channel message word until the 
first two positions of the channel message word are equal 
to l,O. The remaining bits are a binary representation of 
the source message. 

3) p = 0 and q = 0: The channel message word is the 
binary representation of the source message. 

So in the most general case ( p > 0), three bits are added 
to a source message to produce a channel message word. 

IV. A CANONICAL GENERATOR MATRIX OF A 
SQUARE-CYCLIC CODE 

In general it is necessary to multiply a part (k bits) of a 
codeword by a regular matrix to retrieve the corresponding 
information vector. When a systematic generator matrix 
for the code is used this is not necessary, the information 
vector being a part of the codeword. Unfortunately, a 
square-cyclic code does not always have a square-cyclic 
systematic generator matrix. However, it does have another 
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I START: input C-u1 , . . . ,:.,,vl,. . ,& ,sl,. . ,Q 1 

INITIALIZE: i:=0; s:=o; “:=o 

I*, ‘; [n:=n+3A(p-i,q,r)+ZM(p-i,q,r) 1 ; \ / 
-+----I 

j- n:=n+4A(p-i,q,r) 

c*)=(lo) ? 
\ \ 4.1 I / 

&no Ye6 
$)‘(OO) > { “:=n+B(q-j,r)l ; 

I 

\I,“0 Yes 
so $)=(ll) ; “:=“tB(q-j,r)+M(O,q-j,r)+ 8 . 

I ’ 
\ \ 
/ / 

STOP: m:=n 

Fig. 6. Decoding algorithm for optimal source code. 
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nicely structured square-cyclic generator matrix, the so- 
called canonical form. When  this generator matrix is used, 

where I, 0, D,,, E,,, Fij are the 4X4 identity matrix, the 
all-zero matrix, 4  x 4  circulants, 2  x 4  circulants, and  1  X 4  

the transformation of codewords into information vectors circulants, respectively. By repeating this process p times 
does not require mu ltiplication by a  k X k regular matrix. for successive four-tuples of rows, after a  proper permuta- 
In this section we will show how to transform an  arbitrary tion of the columns, we get a  generator matrix of the form 
square-cyclic generator matrix into such a  canonical form. 
It should be  noted that a  square-cyclic code of course also 
has a  systematic generator matrix, but if it is not square- 
cyclic then there is no  nice correspondence between the 
rotation of a  codeword and the rotation of a  channel 
message word. 

Let G  be  a  generator matrix of a  square-cyclic code of 
length 4.9, G  having the form given in Section II. The  4  x 4  
circulant matrices Aij can be  divided into six classes by 
considering their first rows. The  first row of a  4  ~4 cir- 
culant matrix is a  cyclic shift of one  of the following six 
vectors: (0000), (llll), (llOO), (1010) (lOOO), or (1110). 
The  first four types yield singular matrices, the last two 
types yield regular matrices whose inverses are also cir- 
culant. 

Now consider the generator matrix G . In the first four 
rows (A,,, &, . . -, A,,) at least one  4X 4  circulant is 
regular; otherwise G  would not have full rank. W ithout 
loss of generality, let us suppose that A,, is regular. By 

I 0  0 .‘. 0  K,,,, ... ..’ ... K,, 

0  I 0  ..’ 0 K2p+l ‘.’ ‘.. a.- K,, 
. . . . . . . . . . . . . . . . . 

0  0 0 ... I Kpp+l a.. .‘. a.’ Kps 

G”= 0 0 0 *** 0 LIP,, -*. “. a*’ L,, 
. . . . . . . . . . . . . . . . . . 

0 0 0 f*. 0 Lqp+l a’. ‘.a ‘.. L,, 

0  0 0 ... 0  M,,,, a.. ... ... Ml, 

. . . . . . . . . . . . . . 

1 0 0 0 ‘.. 0  M,+, ... ... ... M,, 

G’= 

premultiplying G  by the proper regular matrix we obtain a  
matrix of the following form: where the matrices K,,, L,,, and Mij are 4X4, 2  X 4, and  

1  X 4  circulants, respectively. 
I D,, ......... D,, 

0 D,, ......... Qs 
At least one  of the 2  X 4  circulant matrices 

L l,p+l,’ * . , L,, has rank two; i.e., it has the form 

[ 
1  0  1  0  
0  1  0  1  1 

or 

[ 
0  10  1. 1 10 10’ 

otherwise the generator matrix G  would not have full rank. 
In an  analogous way to that above, the matrix G” can be  

0 Dp2 ......... Dps 

0 El, ......... El, 

. . . . . . 
0 E,, ......... E,, 

0 F12 ......... F,, 

1 
0 e2 . . . . . . . . . F ,, transformed into the matrix 
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where Xij, yij, and Zij are 4X4, 2 X4, and 1 X4 circulant 
matrices, respectively. The matrix G “’ is called a canonical 
generator matrix of the code C. For a square-cyclic code of 
length 4s + 1 the procedure is similar. 

We have shown that a square-cyclic generator matrix of 
a square-cyclic code can be transformed into a matrix 
which, after proper column permutations, has the above 
canonical form. By using a canonical generator matrix, it is 
easy to retrieve a channel message word from a codeword. 
If q = r = 0, then the matrix G “’ is systematic, so it is easy 
to retrieve the information vector (ui, . . . , up) = (ci, 3 . . , cP) 
from the codeword (ci; * *, c,), where ci (i = 1; * ., s) has 
length four. If q # 0, then we have to subtract from the 
vector (c,+i; . *, c~+~ ) the contribution of the vector 
(Cl,. . *> cP) to obtain the vector (u,, IY~, u,, v,, . . a, I+, u,), 
i.e., two times the information vector (oi,. . . , Us). The case 
r # 0 is similar. 

V. CONSTRUCTIONOF SQUARE-CYCLICCODES 

In this section we will show how square-cyclic codes can 
be constructed by transforming quasi-cyclic and (short- 
ened) cyclic codes. In the following we shall allow the 
possibility of transforming an f*g x f*h circulant matrix 
A into an f*g X f*h matrix A’, consisting of f X f cir- 
culants, by permuting the rows and columns of A. For 
example, this can be done by the following permutation of 
rows and columns. For i=1,2;..,f,j=l,2;..,g, row 
(i - 1)s + j is mapped onto row (j - 1)f + i, and for 
i=1,2;..,f, j=1,2;.., h,column(i-l)h+ jismapped 
onto column ( j - 1)f + i. By applying transformations of 
this kind, many nicely structured codes, such as (short- 
ened) cyclic and quasi-cyclic codes, can be transformed 
into square-cyclic codes. Among them are many optimal 
codes; i.e., they have the maximum minimum distance for 
a binary linear code of the same length and dimension. 
Because of their (quasi-) cyclic structure, well-known de- 
coding techniques can be used to decode these codes. 

In Subsections A and B we consider the construction of 
square-cyclic codes from quasi-cyclic and (shortened) cyclic 
codes, respectively. We shall frequently use the following 
permutations. 

Definition 3: The permutation P( fg, f) maps (i - 1)g 
+ j onto (j-1)f +i for i=l,2;-.,f and j=1,2;..,g. 
The permutation REV(f) maps i onto f + 1- i for i = 
1,2;. .) f. 

A. CONSTRUCTIONOF SQUARE-CYCLICCODES 
FROM QUASI-CYCLIC CODES 

A code is called quasi-cyclic if there is some integer u 
such that every cyclic shift of a codeword by u places is 
again a codeword. So, after a proper permutation of the 
columns of the generator matrix of a quasi-cyclic code, we 
get a generator matrix which is composed of circulant 
matrices. We have seen that a circulant matrix can be 
transformed into a matrix composed of smaller circulants. 
If the sizes of the circulants in the generator matrix of a 
quasi-cyclic code are proper, then the generator matrix can 

be transformed into a square-cyclic generator matrix by 
applying permutations of its rows and columns. 

In [l], [5], [6], [lo], [ll] quasi-cyclic codes are con- 
structed whose generator matrices are composed of g X g 
circulants, where g is a multiple of four. Those circulants 
can thus be transformed into compositions of 4X4 cir- 
culants by applying the permutation P(4g,4) to the rows 
and columns. These constructions give square-cyclic codes 
with p # 0, q = r = 0. 

The very elegant decoding methods for quasi-cyclic codes 
can be used in these cases. For example, the decoding 
method of double-circulant codes described by Karlin [6] 
gives rise to a very efficient decoding algorithm when 
decoding is performed by software in a microprocessor. 

Example: Consider the double-circulant [48, 24, 121 
quadratic residue (QR) code [5]. This code has a generator 
matrix G = [I A], where I is the 24 X 24 identity matrix 
and A is the 24 x 24 circulant matrix with top row a = 
(a,, a,,- . -3 a& = (110101011110100101111001) [5]. By 
performing the permutation P(24, 4) on the rows and 
columns of I and A, we bring the generator matrix G into 
square-cyclic form. The resulting generator matrix was 
given in Section II. The very special structure of the [48, 
241 QR code (self-dual and double circulant) makes decod- 
ing relatively easy. The first step in the decoding process is 
to apply the inverse of the permutation P(24, 4) to the left 
and right half of a received word. This brings the code 
back to its original double-circulant form. For decoding of 
the double-circulant code we use the “redundant” parity- 
check matrix 

Hz I A [ 1 A-’ I 
and the corresponding “redundant” syndromes. For con- 
venience, we represent vectors b = (6,, b2), where b,, 6, 
have length 24, by the polynomial pair (b,(x), b*(x)), 
where b,(x) and b2(x) are polynomials of degree at most 
23: 

bi=(bio,bil;-, biz3), hi(x) = 2 bijxj, for i =1,2. 
j=O 

An error pattern is then represented by (e,(x), e,(x)), the 
corrupted received codeword by (rl(x), r*(x)), and 
the syndrome by (si(x), sZ(x)) = (rl(x) + r,(x)C(x), 
rl(x)a(x) + r2(x)), where a(x) := a, + a,x + a2x2 + 
*** +a,,x 23 and Z(x) := x~~u( xP ‘). The following de- 

coding algorithm, which is t-error-correcting and (11 - t)- 
error-detecting for t I 5, can easily be implemented by 
software in a microprocessor. In this algorithm one should 
skip the steps that start with (t 2 i) if the desired correc- 
tion capability is less than i. The function wt( .) denotes 
the Hamming weight function. 

Decoding algorithm (t-error-correcting, (11 - t)-error- 
detecting): 

1) input (rlW r2(xN 
2) compute the syndrome 

Q(X) = rl(x)+ r2(x>4x>, 

s2b) =r1bMx)+r2W 
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3) if wt(si(x)) _< t, then e^i(x) := s,(x); else check matrix of the code C, and  it is composed of circulant 
4) if wt(s,(x)) < t, then e^i(x) := 0; else matrices 
5) (tr2): if for some j=O,l;..,23, wt(s,(x)+ H, = 

x&(x)) I t - 1, then e^i(x) := si(x)+ xj$x); else bm 

6) (t23): if for some .i=O,l;*.,23, wt(s,(x)+ o  1  d  2d  4d  
xja(x)) < t - 1, then e^,(x) := xj; else - 

7) (t 2  4): if for some i, j= 0,l; * *,23, i #  j, wt(si(x) 
+(x’fxj)Z(x))st-2, then e^i(x):=s,(x)+(x’ 
+ xj)Z(x); else 

8) (t 25): if for some i, j=O,l;-.,23,i# j, wt(s,(x) 
+(x’+xj)a(x))r t -2, then e^,(x)=x’+xj, else 

9) detection of an  error. 

What  is used in this algorithm is the fact that if the 
weight of the left or right half of a  mod ified syndrome is 
small enough,  then it is known where the errors can be  
found [7, ch. 16, Theorem 19, p. 5131. The  decod- 
ing algorithm above is similar to the one described in 
Karlin [6]. 

B. Construction of Square-Cyclic Codes from Shortened 
Cyclic Codes 

In [4] it is shown that generator matrices and parity-check 
matrices of cyclic codes can be  partitioned into circulant 
matrices. The  way this is done is described below. 

Let n be an  odd integer, and  let b be m inimal such that 
n divides 2b  - 1. Let ,8 E GF(2b) be a  primitive nth root of 
unity. Let { Ci: i E A}, where A denotes a  set of indices, be  
the set of cyclotomic cosets modu lo n. Now consider a  
binary cyclic code C of length n having zeros yi = /3’, i E 
U j E &, where Z  is a  subset of A. 

If we number  the positions in a  codeword by the nth 
roots of unity /3°,p’,. . a,/?‘-’ such that conjugates of 
elements occupy adjacent positions in order of increasing 
powers of two, the parity-check matrix H of C has the 
following form: 

H= 

& 4g 

h  
2h  
4h  

- 
i 1 

2i 1 
4i 1 A rd 

1 
1  
1  A,, 

1  

1  
1  
1  A,, 

1 

1 . 

1 . 

1 

1 e2e4e  

A ge  

A he  

4, 

. . . . . . . . . . . I f2f4e I 

......... A g/ 

......... Ah/ 

._. . . . . . . Alf 

m  which the rows are numbered in the same way as the 
columns. The  size of a  cyclotomic coset modu lo n is a  
divisor of b. The matrix Agd is a  repetition of circulant 
matrices of row and column size m inimum { ]C,], ]C,]} (for 
a  set A, IAl denotes the number  of elements in A). 

W e  shall transform a  number  of parity-check matrices of 
shortened cyclic codes such that the codes become square- 
cyclic. A set of rows m imbered by the elements of a  
cyclotomic coset modu lo n will be  called a  row cluster. A 

0 1 d 2d 4d .. . 1  e 2e 4e . . . 1  . . . . . . . . . 1  f 2f 4f . . . ) 

1  y:‘yyyy . . . y;yyy;e . . . . . . . . . . . . uifr,‘fvpf . . . 

1  y,“yj’“yj”” . . . ypy,“yp’ . . . . . . . . . . . . f 2f 4f 
Yj Yj Yj 

. . . 
. . . . . . 
. . . . . . . . . . . . 
1 y;y;dyk”d . . . 2e 4e y;yk yk . . . . . . . . . . . . ykfuk”fy;f . * . 

where d, e; . ‘, f are representatives of the cyclotomic 
cosets modu lo n and i, j; . . , k are in Z. 

Every Ga lois field has a  normal basis [7, p. 1221. Let 
a, a2, a4; * f , a2’-’ be  a  normal basis of GF(2’) with re- 
spect to GF(2). Now we map  the parity-check matrix H 
onto its binary image Hbin with respect to the abovemen-  
t ioned normal basis. Every component  in H is replaced by 
its binary representation (a column vector of length b) 
with respect to the normal basis (Y, (Ye, (~~,a . ., a  2bm’. From 
the resulting matrix all rows occurring more than once are 
deleted. The  resulting matrix Hbin is a  full-rank parity- 

set of columns numbered by the elements of a  cyclotomic 
coset modu lo n will be  called a  column cluster. 

It is immediately clear that if we want to construct 
square-cyclic codes from cyclic codes by the abovemen-  
t ioned method, the number  of elements in at least a  few 
cyclotomic cosets modu lo n have to be  mu ltiples of four. 
The  number  of elements in a  coset modu lo n is a  divisor of 
b, so four has to be  a  divisor of b. 

W e  now consider all binary cyclic codes of length n, n  s 
99, such that b := m in{ a: n is a  divisor of 2” - l} is a  



630 IEEETRANSACTIONSONINFORMATIONTHEORY,VOL.IT-~~,NO.~,SEPTEMBER~~~~ 

multiple of four. The lengths, dimensions, and minimum 
distances of these codes are listed in [8, Appendix D] and 
[9]. We also consider the binary cyclic codes of length 255. 

Table I shows how the parity-check matrices Hbin of the 
abovementioned cyclic codes can be transformed into 
square-cyclic parity-check matrices. Table I is divided into 
seven parts numbered by the values of b. The second 
column, with heading “n c,,cl”, gives the lengths of the 
cyclic codes we consider. The third column (heading 
“n s4-cYci”) gives the lengths of the square-cyclic codes 
derived from them. For example, for b = 8 we consider the 
cyclic codes of lengths 51, 85, and 255. The cyclic codes of 
lengths 51, 85, and 255 are transformed into square-cyclic 
codes of lengths 49, 81, and 241, respectively. How this is 
done can be seen in the last three columns. Column four 
(heading “size cc”) gives the sizes of the cyclotomic cosets 
modulo (2’ - 1) that are of interest for the codes we 
consider. For example, the cyclotomic cosets modulo 2* - 1 
have sizes 1, 2, 4, and 8. Column five (heading “rows”) 
and column six (heading “columns”) provide the transfor- 
mations of the parity-check matrices. If in the sixth col- 
umn of Table I there is the word “del” in a row corre- 
sponding to a cyclotomic coset size i, it means that all 
columns in column clusters of size i should be deleted 
from the parity-check matrix Hbin. If in the fifth (sixth) 
column of Table I there is a permutation in a row corre- 
sponding to a cyclotomic coset size i, it means that in the 
parity-check matrices Hbin the rows (columns) in all row 
(column) clusters of size i should be permuted according 

TABLE I 
CONSTRUCTIONPARAMETERSFORSQUARE-CYCLIC 

CODESFROMCYCLICCODES. 

b ncycl nsq+ size cc rows columns 

4 15 13 I 1 
2 

I 4 
de1 

8 

12 

20 

28 

36 

48 

51 
85 

255 

35 
39 
45 
65 
91 

41 
55 
15 

87 

95 

97 

49 I 1’ 
81 2 de1 

241 
I i 

~(4~2) de1 
W3,4) W3,4) 

29 1 
31 de1 
36 

I ; 
de1 

65 I 4 REV(4) REV(4) 
85 

1 1; 
PUi’4 de1 
~(12~4) f’(lL4) 

41 1 
45 I 2 de1 
13 

j ;; p(w2) de1 
P(20,4) P(20,4) 

85 

/ 2: 
de1 

P(2&4) W&4) 
II 1 

I 4 
18 

1 36 
WV) de1 
P(36,4) W&4) 

91 
1 4; P(48,4) W%4) 

to that permutation. For example, consider the cyclic 
codes of length 85. The corresponding value of b is 8. 
There exist ten cyclotomic cosets modulo 85 containing 
eight elements, one containing four elements, none con- 
taining two elements, and one containing one element. 
According to Table I, from the parity-check matrices of 
the cyclic codes of length 85, all columns in column 
clusters of size four should be deleted. This reduces the 
length of the codes to 81. Next, in the resulting parity-check 
matrices the rows and columns in row and column clusters 
of size eight should be permuted according to the permuta- 
tion P(8,4). Furthermore, in all parity-check matrices the 
rows in the row cluster of size four should be permuted 
according to the permutation P(4,2). The resulting parity- 
check matrices are square-cyclic parity-check matrices of 
square-cyclic codes of length 81. 

For the decoding of the square-cyclic codes constructed 
in this subsection, the many well-known decoding al- 
gorithms for (shortened) cyclic codes can be used. Shorten- 
ing a square-cyclic code in a proper way again gives a 
square-cyclic code. So by shortening the codes constructed 
above until their lengths are squares or squares minus one, 
we get square-cyclic codes that give completely filled square 
dot matrices. 

CONCLUSION 

We have described the transmission of information by 
means of two-dimensional matrices of dots on a contrast- 
ing background. In the automated manufacturing area, for 
example, product identification with dot codes is consid- 
ered to be a good or even better alternative to product 
identification with bar codes. 

The dot code transmission scheme is partitioned into 
two subschemes, the source coding scheme and the channel 
coding scheme. Due to the fact that dot matrices can be 
rotated during transmission, certain measures in the source 
and channel coding schemes are taken. To deal with these 
rotations in the source encoding, we have described two 
source encoding methods. These source encoding schemes, 
one in a very simple way and the other in the optimal way, 
encode the source messages (binary numbers) into channel 
message words (binary numbers with special structures of 
somewhat larger length). These channel message words are 
encoded into codewords by the channel encoder. Because 
we have to deal with the rotation of codewords and the 
corruption by errors simultaneously, we use a special class 
of error-correcting codes, called square-cyclic codes. Noise 
is caused by printing imperfections, dust particles, and 
reading failures. A large number of well-known codes, 
such as quasi-cyclic and (shortened) cyclic codes, were 
transformed into square-cyclic codes. Those codes have the 
advantage that a large class of elegant decoding methods 
for them is known. Finally, we want to remark that it is 
also possible to transform (shortened) cyclic unequal error 
protection (UEP) codes [2] into square-cyclic UEP codes 
and that the results in this paper can easily be extended to 
dot code patterns in the form of regular n-gons, where 
n = 3, 5, 6, 7 - . . . 
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